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Abstract

Starting with concrete problems related to fractions with
minimal denominator, laying in given interval, in this note
we will consider their generalizations with correspondent
theory and solutions of it in algorithmic spirit.

I. Introduction.
As introduction we will start from two concrete problems with
consideration of different ways to solve them.

Probleml. . 1
Let m,n be positive integers such that 0 < m < 5
n
Find the smallest possible value of n.
Solution 1.
10m - =k
7 m 11
n k,leN

3(10m — Tn) + 2 (11ln — 15m) = 3k + 2] —

n =3k + 2l and 11 (10m — n) + 7 (11ln — 15m) = 11k + 7l <
5m = 11k + 7.

Since 5 (m — (2k +1)) = k + 2 then minimal value of 3k + 21,
where k,l € N and k + 2[ is divisible by 5 can be attained only if
k =1,1=2. That is minn = 7 and correspondent m = 5 and,

5
therefore, desired fraction is =

Solution 2.
Consider interval (o, 8) where 0 < o and two transformation.
Transformation 1 (in the case § < 1.)

)

Ty: IfI=(a,p) then Ty (1) = <;,;) and if o < S < 3 thenT} (5) -

Transformation 2.(in the case a > 1).

4
p

To: IfI=(a,fB) thenTa (I) = (a—[a],8—[a]) andif a < g < B thenTy <§)
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7 11
Applying both transformation to (10, 15) we obtain

7 11 15 10 15 10 15 10 4 3
T1<m’15>_<11’7>’T2<11’7>_(111’71)‘(11’7)’

4 3 7 11 7 11 7 11 13
Tl(n’7)<3’4)’T2<3’4)<3_2’4_2)<3’4>’

13 4 4 4 1
n(35)=(32) 2 (59) = (5-13-1) = (32)

1
Fraction with minimal denominator in 3 2| is —.

1
Then, applying in reverse inverse transformations to 1 we obtain:

11— 2+ - -4+ 2=+ —-r— —+1= = r—
2 72 5 2 > g 5 1%

W that — < - <<= 49 <b0and - < — <= 75 < 7T.

e can see tha 10<7 < an 7<15 <

11
We will prove that no fractions between — and — with denominator

10 15
n<7 <= n<6.
Really, assuming that such fraction exist we obtain

| ot

l<@ <— Tn < 10m <— {M}Jrlgm.

10 n 10
11 11
From the other hand m <— <= m< =n .
n 15 15
[ 11
Thus ?(;L] +1< [1;] but for n = 6, 5,4 this inequality becomes,
respectively,
7-6] 11-6 7-5 11-5
- < == < R < | —— <
{10_+1_[ R ] @5_4,{10}+1_[ R ] — 4 <3,
TAl <[ B g
10 | — 1 15 -

Also obvious that 3 < 1—0.Theref0re, minimal denominator is 7.

Solution 3.

rom B on 10 4 nom 3
10 n 15 11 " m 7 11 7
7< m <11 == 1< m 2< - =
3 n—m 4 3 n—m 4
1 3m—-2n 3 4 n—m <3 —
3 n—m 4 3 3m—2n
1< n—m 1<9 1<3n—4m<2
3 3m—2n 3 3m-—2n

1 1
Since fraction with minimal denominator in (3, 2) is 1 then
from claim 3n —dm =1 we obtain n = 7, m = 5 and further,

3Im—2n=1

as in Solution 2.
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Problem?2. »
Rational number represented by irreducible fraction = belong
q

13715
This problem has the following interpretation:

6 7
Provethatmin{q|quandﬂ(peN) {<p<}}:28.

We start from two following statement related to positive integers
a,b, c,d and represented here in the form of problems, offered to the
reader as an exercise

1. Prove that for any fraction %, 2 such that % < 2 holds inequality

6 7
to interval < ) .Prove that ¢ > 28.

a<a+c c
b

< -.
b+d d 0 c
2. Prove that if bc — ad = 1 then 77 both irreducible and
a+c

b+d

We generalize original problem in the form of the following

is irreducible as well. (In our problem 7-13 —15-6 = 1).

Theorem.

a ¢
Let 3 and p be two positive fraction such that 3 < p and

bc — ad = 1 and irreducible fraction d belong to interval (a C) .
q

b’ d
Then ¢ > b+ d.
Proof.
First note that c(b+d) —d(a+c)=b(a+c)—a(b+d) =bc—ad=1.

Assume that there is a fraction P such that % < P < g and ¢ < b+ d.
q q

Since%<z3 = pb—aq >0 <= pb—aq>1 and
q

2<§ = qc—pd>0 < qc—pd>1

q

then d (pb — aq) + b(qc —pd) > b+ d <~
qglbc—ad)>b+d < qg>b+d.

Thus, we obtain the contradiction ¢ < b+ d < b + d which

complete the proof.l

That ismin{q|q€Nand Jd(peN) [Z < g < ;}}zb—&-d.

We can prove even more, namely prove that fraction

g (%, g) with smallest denominator ¢ = b + d defined uniquely
and p=a+ec.

. a c
Also we can see that for any fraction P such that < b < =

b q d
and bc —ad =1 holds ¢ > b+ d and
p>a+c(c(pb—aq)+algec—pd) > a+c

plbc—ad)>a+c < p>a+c).
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Let be fraction with minimal denominator b + d such that

p

b bid - d
Assume that p > a+c. Since 0 < ¢(b+d) —pd < 1<c(b+d)—pd
then 1 <c¢(b+d)—pd<c(b+d)—(a+c)d=bc—ad=1,
that is contradiction.

Therefore, p = a + ¢ and fraction with minimal denominator

defined uniquely and equal to ZT_F;.

p
b+d
a

Remark. 0 ¢ a ¢
In the case 0 < 3 such that 3 < P and bc — ad # 1 the way

of finding of "internal" fraction with minimal denominator, represented
above isn’t works.

II. Problem in general. Theory and algorithms.
So, the purpose of these notes is consideration of the ways to solve
of the following general problem

What is the smallest possible denominator for fractions n belonging
n

to the open interval (o, 8) where o < 8 are given positive real numbers?
We introduce the following definitions and notations:

Interval (a,b) will be called naturally filled ( N— filled ) if there is at

least one natural number m such that a < m < b ((a,b) "N # @).

Easy to see that (a,b) is N— filled if and only if |a] +1 < b.

Indeed, since |a] <a<m = |a|+1<m and m < b then |a| + 1 < b;

In case |a] +1 < b interval (a,b) is obviously N— filled.

Also we denote via p («, 8) the smallest natural n such that interval
(no,nB) is N— filled, (thatisp (o, f) :=min{n | n € Nand |[na|+1<np})
and via g (o, 8) the smallest natural m such that (p (o, 8) @ < m < p (e, 3) B) .

Obvious that g (a, 8) = |p (., 8) a + 1 and then a < zgz:g; < B.

From definitions p (a, §) and g («, 8) immediately follows that fraction

9 where p=p(a,B) and ¢ = q(«, ) is irreducible, because if
p

d(p,q) = k # 1 then for n = p/k € N interval (na,ng) is
N— filled and n < p = p(«, 3) — minimal natural such that
(na,nB) is N— filled.
Also, fraction — is the minimal fraction among all fraction which
belong to interval («, ) in the following sense:
For any fraction m such a < m < f holds inequalities
p<nandqg<m. "
Indeed, since a < m B < an <m < fn then (an,fn) is
N— filled and, thelrrelfore7 by definition p < n.

Also, since ap < an < m then |ap] <m = ¢= |ap] +1 < m.
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Thus the fraction < fully justifies the name minimal fraction.
p

*(Geometrically this means that if (a, 5) is given interval and h = l, n €N
is the step of uniform grid on R, then smallest 7, which provide hit z;rt? least

one node of a grid inside of interval (a, 6) s p (Oz7 ﬂ) and ¢ (Oz7 ﬁ) is a number
of node closest to .)

Now we consider two important properties of minimal fraction.
Propertyl.

11
If fraction ki is minimal in (o, 8) then fraction b is minimal in (5, ) .
p q Q
Proof.

Since — is minimal in
n

11
—,— | then n € (o, 8) and, therefore,
B a m

ps<mn, g<m.

11

Since 4 is minimal in («, ) then b S <, ) and, therefore,

p ¢ \B a
m < q, n < p.Hence, p=mn,q=m, thatis

11 11

(1) p(aaﬂ):q<ﬂaa) andq(aaﬁ):p<ﬁva>'
Property 2.
If fraction < is minimal in (ar, B) then for any integer k > — |« fraction

q+kp

is minimal in (o + k, 5 + k) as well.

p
Proof.
Let — is minimal in (e« 4+ k,8+ k) and 4 i minimal in (o, B) .
n p
-k
Since n

€ (o, B) and 9 is minimal in (o, B) then, p <n
p

and ¢ < m — kn.
q+kp

Since ¢ € (o, ) — €(a+k,8+k) thenn <pand m < g+kp.

Thus,p=nand ¢g+kp>m>qg+kn=q+kp = m =q+ kp. So,

(2) plat+kB+k)=p(a,B) and q(a+k,B+k)=q(a,B)+kp(a,B).
First we consider simple but important case when interval («, 8) is N— filled.
Then we obviously have p(a,8) = 1 and q (o, 3) = | 8] + 1.

Further we assume that interval («, ) isn’t N— filled ,that is [a] +1 > b.
For some such intervals (a, 8) values p (o, 8) and ¢ (a, 8) also can be
obtained in a close form.

Lemma 1 .
Leta>1.Thenp(1,oz)—LﬁlJ,q(l,a)—{ a J+1.

a—1
Proof.
Since interval (n,na) is N— filled iff

1
n+l<na <= l<n(a-1) < ——q<n =
a—
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«

1
{J—&—lgn@{ a Jgnthenp(l,a)z{
a—1 1 «

o —

=[5 o=

Corollary 1.
Let n is positive integer and n < o < n + 1 then for interval (n, ) holds

p(n,a) = V‘;”“J g(na)=n V‘_”“J +1.

—n a—n
Proof.
By Lemma 1 and Property 2 we have

p(na)=p(l,a—n+1)= {OHLHJ

J and

a—n

— 1
and then ¢ (n,a) = [np (n,a)| +1= n {OZQHIJ +1.

Corollary 2.
1 1
L 1.Th 1)=|—— 1 1) = .
et 0 <o < en p(a,1) LO‘J—i_ and ¢ (o, 1) LO‘J
Proof.

1
Applying Lemma 1 to interval <1, ) we obtain
o

(va) =[] o) = [a) =

1 1
Then by Property 1 we obtain p(«a,1) =g (1, ) = {J + 1 and
!

ren=r(13) - |17

Corollary 3.
Let (o, 8) isn’t N— filled interval, such that |« + 1 = §.Then

pas) = | 2| L@ =Ll + | = Qe+
Proof.

1. If « is integer then, 8 = o+ 1 and, obviously,

pla,B8) =2, q(a, 8) =2+ 1.
If o isn’t integer then by Property 2 and Corollary 2 we obtain
1
+ 1 and
«

ple,f)=pla, la] +1) =p({a},1) = L{}
q(a,8) = q(a, o] +1) =q({a}, 1) + [a]p(a,f) =
YR A e T

Note that formulas
p@d) = | |+ 0@ = la) + | = | (el 1)

which we obtain in supposition « isn’t integer gives right result in case « is
integer as well. Thus p (o, 8) and ¢ («, 8) for any positive interval (o, 8) such
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that o] +1 < B or |a] +1> 3 and « is integer represented in close form
by formulas obtained above.

Lemma 2.

1
Let |a] + 1> f and « isn’t integer. And let o' :=

1 r_ 1
=ty

{5}
If [o/] +1> " and o isn’t integer then p(a, 3) > p (o/,ﬂ/) .
Proof.
Since |a] +1 > f yields |a] = |f] then a = {a} + |of,8 = {8} + | o]
and, by Properties 1,2 we obtain
1
o, B) = ! = =q(a/,p) and

plasd) =pab () =a (g oy ) = 0(@5)

a, B).

q (e, )—Q({a}l{ﬁ})+LaJp(

(G
we obtain p(a,f) =q(/,8) =p(«’,8") + '] p(a/, B') .
Since |a/| > 1 and p (a",ﬁ”) > 1 then

pl, ) =p(e,f)+1 < p(a, ) >p(c/,5) .M

Denoting o’

Let ap := a, B, := B and suppose that we already have two
SEqUENCes i, A1y vy Any By By ooy By, such that |ag| + 1> B
and ay isn’t integer, k = 0,1, 2,....,n where

Qg1 = @’Bk—kl = @,k =0,1,2,...,n— 1.

Let 2% is minimal fraction in interval (o, By,) sthat is

Pk
pk*p(akaﬁk) :q(akaﬂk)akzoalw")n
Then |a] = |8 J k=0,1,2,...,n and by Properties 1,2 we have
pe = p (ak, B1,) = p ({en}  {Bi}) = a (arr1s Brs1) = @t
ak = q (o, By) = q({ar}, {Bi}) + Low] p (o, By) =
(Ozk+1,ﬁk+1) + ok p (o, Br) = Pe+1 + ok pe, k=0,1,2,..,n — 1.
Smce lan] +1> 8, and o, isn’t integer then denoting

b1 = 7 }’6”“' o)

we obtain interval (an+1, B,H_l) with minimal fraction g + ,
n+1

Properties 1,2 we have p, = ¢,1 and ¢, = ppa1 + LakJJ;?n.

If [apg1] +1 < Byq Or [ang1] + 1> 6,41 and a4 is integer then

we can stop process and calculate

Pn+1 =D (arb+17 Bn-i-l) ydn+1 = 4 (an-',-lv 6n+1) by obtained

above formulas and by reversing procedure obtain p (a, 8) and

q(a, ), or otherwise to continue construction of sequence of

intervals (ay, 8,,) with correspondent minimal fractions I

and by

But sequence of intervals (o, 5,,) obtained by such way
can’t be infinite because otherwise, accordingly to Lemma 2,
we obtain infinite strictly decreasing sequence
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of natural numbers pg > p; > ... > p, > ....,i.e. contradiction.
Thus, after finite numbers of such steps we obtain for some n
sequences g, 1, ..., &n, Bo,B1;---, 8, such that

lag] + 1> 6, and a4 isn’t integer, k =0, 1,2, ...,n and
lans1] +1 <B4 or (] +1> B, and a,4 is integer.

Then "L is minimal fraction in (n+1,8,41) obtained by
Pn+1
formulas above.

Using recurrences py—1 = ¢k, Gk—1 = Pk + |@k—1] gx, K =n+1,n,...,1 and
starting from py,+1, ¢n+1 We consequentially obtain p,, gn, ..., P1, 41, Po, o-
We can simplify algorithm by the following way:
Using pn+1 , Pn = Gn+1 and recurrence

Dk—2 = Pk—1 + Lakflj Dk, k=n+ 1)” - ]-7 ey 2
we can obtain p(«,3) = po.Then, q(a,3) = |poa] + 1.
But we will represent another, more efficient way of finding
p(a,B) and ¢ («, ). Namely,denoting
z:=po=p(a,B),y:=q = q(a,3) weobtainy=p + |ao] g,z =q1 .
Hence, ¢1 = ¢,p1 =y — |ap] = and more generally for any
k=1,2,...,n 4+ 1 we assume that p, = arx + bry, qx = cxx + dry
and then, since
Dk—1 = Qx = ap—1T + b1y = crx + dry =
(ap—1—ck)z+ (bp—1 —dp)y=0and gr—1 =p + |ax_1] @ =
Ch—1T + dp—1y = apx + by + |ag—1] (crx + dry) =
(k-1 —ar — lag—1] cp) x4+ (dp—1 — bp — |ag—1] dr) y =0
we obtain the following correlation
ag—1 = C, bpy—1 = dp, i1 = ag + |ag—1] i, dip—1 =

b + |ak—1] di, k =1,2,..,n+ 1.

Thus, pr = arr + bry, qx = ar_1x + bp_1y where a;, and by
satisfy to the same recurrence ry = rp—o — |@g—1] T6-1, k=2,..,n+1
and from ¢; = x = apz + boy, pr = a1z + by =y — |ap] =
we obtain ag = 1,a; = — || and by = 0,b; = 1.
Since Gk+1bk - akbk_H = (ak_l — I_OékJ Tk) bk — Qg (bk—l - I_OékJ Tk)
— (akbk,1 — ak,lbk) then ak+1bk—akbk+1 = (—1)k (a1b0 — aobl) =
and, therefore, from system

{ an+12 + bnt1Y = ppt1

an® + bny = gnt1

q (O[, ﬁ) Yy (_1)n+1 (bn-l-lq”-i-l - bnpn—i—l) b’n-l—lq”-i-l - bnpn—i—l

e

we obtain =Z = — _ _
p (05, ﬂ) T (—1) (G,npn+1 - an+1qn+1) UpPp+1 — Ant-19n4-1
And one more way:

Let tj, :=  and t:= to. Also let v := |ag |,k =0,1,...,n.
Pk
Since qx11 = pr and pry1 = qr — [ar] Pr = qx — TkPr then
_ Qk+1 Dk 1

le1 = = = .
DPk+1 Q& —TkPk g — Tk
Thus, we have sequence (t) of minimal fractions defined by ¢, =t and
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1

tk+1 = y ]{3:0,1,...,77,.
e — Tk
. . 1 1 1
By consideration first several terms t; = Jto = = =
t —To tl — T ]-
-
t— To
t*To 1 1 (1+’)"07‘1) —rit
— 3= = — =
(1+TOT1) —7rit to — 7o 0 — 1y t(l—l—?‘l’f‘g) — (’I"o + 79 —‘r’f‘o’l“ﬂ“g)
(1 + 7“07“1) —rit
_1t+b_
we can see that it makes sense to find ¢ in form ¢, = Be—1t + Op—1
art + b
Then from
" B akt + bk o 1 - ait + bk
M — ap1t +bppr k-1t +bp-1 ,  (ag—1 — Trak)t + br—1 — riby
art + by,
follows Ap+1 = Q-1 — T'kag, bk+1 = bk,1 — 'I"kbk.
1 t+b
Also, since t1 = _ % + % we have ag = 0,bp = 1,a1 = 1,by = —rg.
t— To Cth + b1
t+0b
From equation _OnbHOn = tp+1 We obtain
an+1t + bn+1
ant + bn = tn+1an+1t + bn+1tn+1 — b b
t —
t(an - tn+1an+1) = bn+1t7l+1 - bn <~ t= w
Qp — tn+1an+1
In addition consider representation of minimal fraction in (a, )
by continued fraction.
. 1 1 1
Since tg41 = < tp =rp+——thentg =rg+— =ro+ =
t — Tk tk+1 t1 4 —
1
to
1 1
ot 1 =Tt 1
1+ 1 1+ I
ro + tf ro +
3 Ty
thrl
1
If hy(z) = rp + — then to = (hgo hy o...0 hy) (tn41)-
T
Function fy (t) = ; is inverse function for hy (¢) .
— T
1
Indeed,(f o hg) (t) = — — =tand
T+ — — Tk
1 t
(hkof/@)@):?“k—l—iZ’r‘k—l-t—Tk:t.
fi (t)
And, at last, some problems to solve.
Problem 3.
. .. . . . . . 97 96
a) Find minimal denominator of internal fractions in the interval 36735 )
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1
b) Find minimal denominator of internal fractions in the interval (\/i, ;0) .

x? 22 +1
¢) Find minimal internal fraction in interval 55 5
((a:—i—l) (x+1) —1>
where z,z 4+ 2 are prime numbers.
Problem 4.
Find minimal internal fraction in interval («, ) if:

a) (a, B) = (V28,V/35);

b) (avﬁ) = (izgv\/g) .
Problem 5.

Find the smallest possible value of x4y, if x and y are positive integers such

that
—1

n <o , n € N.(Generalization of problem M436, CRUX).

n y n+1

- rka t
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